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Abstract. Sturm |^ obtained the bounds for the number of the first Fourier coeffi- 
cients of ehiptic modular form / to determine vanishing of / modulo a prime p. In this 
' paper, we study analogues of Sturm's bound for Siegel modular forms of genus 2. We 

show the resulting bound is sharp. As an application, we study congruences involving 



(N 



i Atkin's J7(p)-operator for the Fourier coefficients of Siegel mdoular forms of genus 2. 



1. Introduction and Statement of Main Results 

Despite of a vast research result related to congruence properties of Fourier coefficients 
of elliptic modular forms it is surprising to know a very little result are available about 
congruence properties of Siegel modular forms of higher genus. 

In this paper, we consider congruence properties for the Fourier coefficients of Siegel 
modular forms of genus 2. This is an application of Sturm's formula: let / = Yl'^=o^fi^)^"' ^ 
n Mfc(r) be an elliptic modular form of weight on a congruence subgroup F, 
00 ! where Ol denotes the ring of integers of a number field L. In [13] Sturm proved that if 

^ ! /3 is a prime ideal of Ol for which af{n) = (mod /3) for < n < ^[r(l) : F], then 

O ■ (^f{^) = {mod P) for every n > 0. This formula is called as Sturm's formula. In fact, 

Sturm's formula implies that / is determined modulo /3 by the first ^[F(l) : F] coeffi- 
cients. Using the ring structure of weak Jacobi forms, the first two authors in |3] derived 
^ I the Sturm's formula in the case of Jacobi forms. 

, Our first main Theorem 11.11 states an analogous result of Sturm's formula in the space 

of Siegel modular forms of genus 2. Note that Poor and Yuen in pi] gave a result in 
this direction which is more general, but different (see Remark 11.21 (2)). Our result was 
obtained independently. 

Let F2 be the full Siegel modular group F2 = 5*^2 (^) and F be a congruence subgroup 
of F2 with level A^. Let M2(F) be the space of Siegel modular forms of weight A; on F and 
let S'fc(F) denote the space of cusp forms in Mfc(F). In the following theorem, we obtain 
analogues of Sturm's formula for Siegel modular form of genus 2. 
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Theorem 1.1. Let k be an even positive integer. Suppose that p > 5 is a prime and that 
F G Mfc(r) with p-integral rational coefficients such that 

F{t,z,t')= J2 A{n,r,m)q'^Cq'"', 

n,r,mG jjl^ 
n,mAnm—r'^>0 

with q = e^'^*'^, ^ = e^'^*^, q' = e^'^*'^'. // A(n, r, m) = (mod p) for every n, m such that 

k k 
< n < —[12 : rl andQ<m< —[Fa : Tl, 

then F = (mod p) . 

Remark 1.2. (1) The above bounds in Theorem 11.11 are sharp for the case that the 
level is one, and this will be discussed in section 13.11 
(2) The results of Poor and Yuen in [TT] are stated in term of the dyadic trace. For 
example, when the level is one, their results implies the following: 
Theorem. [TT] Let F = ^ A(T)e'^^*''(^^) G Mf ^ be such that for all T with 
dyadic trace w{T) < | one has that A{T) G Z(p) and A{T) = (mod p). Then 
F = (mod p). 



We apply Theorem 11.11 to study congruences involving an analogue of Atkin's U{p)- 
operator. For elliptic modular forms congruences, involving Atkin's f/(p)-operator were 
studied with important applications in the context of traces of singular moduli and class 
equations (see Ahlgren and Ono [T], Elkies, Ono, and Yang [B], and chapter 7 of Ono 
[To]). Recently analogues of the results for Siegel modular forms were studied in 
Using Theorem I l.H we improve the result in [5]. 

Before stating main theorem we set up the notation: 

Mk := |f (mod p) : F{Z) = ^ a(T)e"**"(^^) G Mk{T2) where a(T) G Z(p)| , 

where Z(p) := Zp fl Q denotes the local ring of p-integral rational numbers. For Siegel 
modular forms with p-integral rational coefficients, we define their filtrations modulo p by 

uj{F) := inf |A; : F (mod p) G Mfc} • 

The differential operator D = (27r)^^(4^^ — ^), 2' = ^ ' ^ ' Fourier 
expansions of Siegel modular forms as 

D(5^a(T)e-^*'-(^^)) = det(T)a(T)e'^**^'-(^^\ 
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Theorem 1.3. Let 

F{Z)= a(T)e"*''(^^) = ^ r, m)g"rg'"' 

T=*T>0 n,r,mGZ 
T even n,m,4nm— r^>0 

he a Siegel modular form of degree 2, even weight k, level 1, and with p-integral rational 
coefficients, where p > k is a prime. Let 

F{Z)\U{p):= a(^)e"'*'^^^^ 

T= *T>0 
T even 
p I det T 

be the analog of Atkin's U- operator for Siegel modular forms. If p > 2k — 5 and F ^ 
(mod p), then F \U{p) ^ (mod p). If k < p < 2k — 5 , then 

^ /^32^_fc.^.\^ I 3p - /c + 3 zf F\U{p) ^0 (modp). 
^\ / y2p-k + A if F\U{p) = (modp), ' 

2. Proofs of main theorems 

(2,) f2) 

Let El ,Eq , xio; and Xi2 denote the usual generators (see 0) of Mk{T2) of weights 4, 

(2) 

6, 10, and 12, respectively, where E^. (Z) is the normalized Eisenstein series of weight k 
and genus 2 (E^ and Eq are normalized by a ([][]) = 1) and where the cusp forms xio 
and Xi2 are normalized by a ( f 2 ) = 1- Let p be a prime. Nagaoka [8], and Bocherer and 
Nagaoka [2] investigate Siegel modular forms modulo p. 

Consider the Witt operator W : Mfc(r2) ^ Mfc(ri) ® Mfe(ri), defined by 

W{F){t,t') :=F((- 0)), (r,r') GHxH. 

For example, note that (see [8]) 

W^(Ef)(r,r') = i?f)(r)i5;«(r') 
W{E^'^){ry) = Ei'\r)Ei'\r') 
iy(Xio)(r,r') = 0, iy(xi2) = A(r)A(r'). 

Lemma 2.1 (Corollary 4.2 in [8]). Let p be a prime number. If F ^ M/c(r2)z(p) satisfies 
W{F) = (mod p), then ^ G Mfc_io(r2)z(,) ■ 

We recall the Sturm's formula for Jacobi forms [1]. 

Lemma 2.2 (Theorem 1.3 in [^). Suppose that k is even and 

'^kA^,z)= J2 a(n,r)g"CeOL[C,r'][[9]]n Jfc,™(r). 

r^<4mn 
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Here Jk.m{^) denotes the space of Jacobi forms of weight k and index m. Let /3 denote a 
prime ideal of Ol over a prime p > 5. If 

ordi[/3] I a{n,r)C > 2m + 1 

\r2<4mn / 

forO<n< ^{k + 2m)[r(l) : T], then ^fc,™(r, z) = (mod 

With the above lemmata, we prove Theorem 11.11 for the case that level is 1. 
Proposition 2.3. Suppose that F = Then Theorem \l.l\ is true. 

Proof. Suppose that A(n, r, m) = (mod p) for every ra, m such that < < ^ and 
< m < j^k. Then, A{n, r, m) = (mod p) for every n, m such that < n < j^(A; + 2m) 

oo 

and < m < j^k. Let F(r, r') = 0m(T, 2;)e^''*''"'^ be the Fourier- Jacobi expansion 

m=0 

of F such that 0^ is a Jacobi form of weight k and index m. For every m such that 
< m < ^/c. Lemma [2.21 implies that 0™, = (mod p). Thus, we have that 

(2.1) A(n, r, m) = (mod p) if < m < — /c. 

Let W{F) be the Witt operator defined as 

l^(F(Z))=F(r,0,r'). 

Then we have 

W{F{Z)) = Y,Ur)f^{T% 

a=l 

where fa is a modular form of weight k on SL2{'L). From the ring structure of modular 
forms on 5*1/2 (Z), we have 

W{F{Z)) = Yl Mr)/^{rjE,{ryE,{rJ. 

12i+ij+6t=k 
t=0,l 

Note that the g-expansion of A{T'y E^lr'Y EqIt'Y has the form 

A(r'm(r'm(r)* = (g'r + --- 

ans that j and t are uniquely determined by choosing a value of i. Thus, Sturm's formula 
( 12A1) implies that if i < ^ < ^, then /(j)(r) = (mod p). Since 12i + 4j + Qt = k, we 
have W{F) = (mod p). Let xio be the unique (normalized by a (f 2) = 1) Siegel cusp 
form of degree 2 and weight 10. From Lemma [2.11 we have 

F = F(i)(Z)xio(^) (modp), 
where F(i)(Z) is a Siegel modular form of weight A; — 10 and genus 2. 
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oo 

Let F(i)(r, z,r') = 0^^(r, 2;)e^'^*'"'^ be the Fourier- Jacobi expansion of Note 



m=0 



that xwiZ) has the form of the Fourier- Jacobi expansion X]m=i V'm(T, z)e'^^^"^'^' such that 
iPi{t, z) ^ (mod p). Thus, we have that for every m, < m < j^k — 1, 

4>m = (modp). 

Note that j^k — 1 > Thus, following the previous argument, we have 

^(1) = F^2)iZ)xio{Z) (mod p), 

where F(^2){Z) is a Siegel modular form of weight k — 20 and genus 2. 
Repeating this argument, we have 

F(t) = F(t+i)(Z)xio(^)* (mod p) 

oo 

if 1 < t < to and to = [^] + 1. Let F(^t^){T, z,t') = ^0W(^^^)e2~' be the Fourier- 

m=0 

Jacobi expansion of -F(to)- Since ^A; — t > 0, we have (pQ^ = (mod p). Moreover, the 
weight of F(^to) is less than 8, and dimcMfc(r2) < 1 for A; < 10. Thus, we have F(^to) = 
(mod p). Since 

F = X%~'F^to-) (modp), 
this completes the proof. □ 

For a subring i? C C, we denote by Mk{T)R the space of all of / G Mk(T) whose 
Fourier coefficients are in R. Let p be a prime. We denote by Vp the normalized 
additive valuation on Q (i.e. Vp{p) = 1). For a Siegel modular form F{t,z,t') = 
E n,r,me^z A(n, r, m)g"eV" ^ M,(r)Q, wc define 

n,m,4nm— r-^>0 

Vp{F) := inf |t'p(A(n, r, m)) | n, r, m G ""^j 4nm — > 

Assume that Vp{F) > 0, in other words F G Mk(r)i^^y Then we define an order of F 

by 

ordp(F) := min{m | (/).m(T, -z) = ^(?t-, t, m)^'^q'^ ^ (mod p)} 

= min{m | Vp{A{n, r, m)) = for some n, r}. 
If Vp{F) > 1, then we define ordp(F) := 00. Note that 
(2.2) ordp(FG) = ordp(F) + ordp(G). 

Following the similar argument of Sturm in [13] , we complete the remained part of proof. 
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Proof of Theorem \l.l[ Let i := : F]. Suppose that A{n,r,m) = (mod p) for every 
n, m such that < n < j^ki and < m < j^ki. Then, A{n,r,m) = (mod for 
every n, m such that < n < ]^(A;i + 2m) and < m < ^^/ci. Lemma [2.21 imphes that 
ordp(F) > ^ki. 

We decompose r2 as r2 = U*^^r7j, where 71 = I2. Let 

i 

^ ■=^Il^\k^J ^ Mfci(r2)Q(^^) il^N := e^). 
i=2 

The fact that all Fourier coefficients of \1/ are in Q(/iAr) is according to Shimura's result 
[12]. We take a constant A G Q(/iAr) such that at least one of the non-zero Fourier 
coefficients of An*^2-^U7i is in Q. For example, we may take as A := 74,i,(n, r, m)~^ for 
a Fourier coefficient Aq,{n,r,m) 7^ of 
Moreover we consider 

i 

f7eGa«(Q(Atjv)/Q) creGai(Q(Miv)/Q) i=2 

= F 5^ (AnF|,7,r, 

where a runs over all elements of GaZ(Q(/iAr)/Q) and is defined by taking action of a 
on each Fourier coefficient of / when / e Mfc(r)Q(^^). Then we have $ G Mfcj(r2)Q. This 
modularity follows from Sturm's result [H], p. 344. It follows from the choice of A that 
$ 7^ 0. Hence we can take a suitable constant C G Q such that 

^ E (^n^UT.r I =0• 
aeGa^(Q(M]v)/Q) i=2 / 

This means C$ G M,fcj(r2)z(p). Using (12.21) . we obtain 

ordp(C$) = ordp(F) + ordp I C ^ (A fj F|,7,)'^ 

Note here that ordp(C$) > ordp(F) > j^ki. Thus, we have by Proposition 12.31 

ordp(C$) = 00. 

This implies 

ordp(F) + ordp j C J] (A fj ^^7,)'^ ] = 00. 

\ aeGaliQ{pN)/Q) j=2 J 

The second part is finite and hence we have ordp(F) = 00, namely F = mod p. This 
completes the proof of Theorem 11.11 □ 
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Proof of Theorem II. 3L By Theorem 1 in [5j, it is enough to show that if A{n, r,m) = 
(mod p) for every {n,r,m) such that p \ nm, then F = (mod p). To prove it consider 
the Fourier- Jacobi expansion of 



F{T,z,r') = J2 



m=0 



Suppose that A{n, r,m) =0 (mod p) for every {n, r, m) such that p \ nm. If m < p and 
n < p, then A{n,r,m) = (mod p). Note that j^k < p. By Theorem 11.11 we complete 
the proof. □ 



3. Examples 

3.1. Examples for level 1. Let t{k) = and j9 > 5 be a prime. Consider a Siegel 
modular 



n,mAnm—r^>0 



of weight k and genus 2 defined as 
Gk{Z) := 



E^^\zyEP{ZyxViZ) {^+ J +m = k, J = oil) if k ^ 2 (mod 10), 
xV-\Z)xi2{Z) ifk^2 (mod 10) 



Recall that 



Thus, we have 
Gk{Z) = 



E^^\Z) = 1 + 240g + 240g' + 
eP{Z) = 1 - 504g - 504g' + 

X^oiZ) = {r'-2 + Oqq' + -- 
Xu{Z) = {r' + W + Oqq' + - 



(^1 - 2 + + ■ ■ ■ if A; ^2 (mod 10), 

(r^ + 10 + 0(r^ - 2 + ^)m~^qmq'm ^ . . . jf ^ ^ 2 (mod 10). 



The coefficients Acin, r, m) are integral and AG(n, r, m) = (mod p) for n < — 1 and 
m < ^ — 1- This implies that the bounds in Theorem 1 1.1 1 are sharp since Gk^^ (mod p). 



D. CHOI, Y. CHOIE, AND T. KIKUTA 



3.2. Examples for level 11 and 19. It is known that we can construct a cusp form of 



Fq (11) of weight 2 by Yoshida lift (cf. [I5]). For matrices 



(11) 



SI 



if we put 



then F^''^ eS2{T','' ill)) 



o\ 


1 i 



1 I 

i 3 







V 



/2 



1 

V5 





2 
1 

2 
-1 



1 
2 

2 




^(11) ._ 



1 



(11) 



9. 



(2), 



24 --sr 

where 9s^ is defined by 



1\ 

2 
-1 


2 

26 



S. 



(11) ._ 



/l 





4 
2 

3 
2 



1 
2 

2 
4 

7 
2 



o\ 

3 
2 
7 
2 



5 



(11), 



XGM4,2( 



,27ritr(5j[X]Z) 



We give one more example of Yoshida lift. For matrices 



(19) 



if we put 



then ^2^''^ e 52(F^"^(19)) 








1 

2 


o\ 





1 





1 

2 


1 

2 





5 







1 

2 








^_(19) 



/l 

1 
2 
1 
2 

vi 



1 

2 

2 

1 



1 

2 


3 

3 
2 



1 

3 
2 



5. 



(19) 



/2 


1 





2 

1 

2 



1 
2 

3 
1 

2 



1 

1 

2 



.(19) 



8' 



(19) 



-26. 



(19) 



(19), 



(2), 



Let ^4 



,(2) 



-^6 ) Xio and Xi2 be Igusa's generators as introduced in Section 



[2J We set X20 •= 11-^4-^6X10 + 4xio + 8-^4X12- For a Siegel modular form F, we denote 
by apiT) the T-th Fourier coefficient of F. Then, the following proposition is known. 

Proposition 3.1 (Nagaoka-Nakamura [9]). The following holds. 



(1) a ai)iT) 



'Xl2 



(T) mod 11 for all T with tr(T) < 5. 



(2) a^(i9)(T) = a;^2o(T) mod 19 for all T with tr(T) < 4. 

Now we can show the following congruences. 
Proposition 3.2. (1) F^^'^^ = -X12 mod 11, (2) f!^^^'^ = X20 mod 19. 
Proof. Since the proof is similar, we show (1) only. It is known by Bocherer-Nagaoka 



[3] that there exists a modular form G12 G Mi2(F2) 



^jpj such that F2 



(11) 



G12 (mod 11). 



From Proposition 13. H aFy^{T) = a^^-^^lT) (mod 11) for all T with tr(T) < 5. Applying 
Theorem 11.11 to F12 and — X12, "we have G12 = — X12 (mod 11). In fact, jq = Hence 
it suffices to prove that we check the congruence of the Fourier coefficients for all T with 
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tr(T) < 2. Thus we obtain Fg^^"* = Gu = — X12 (mod 11). This completes the proof of 
(1). □ 

Remark 3.3. In [3J, Bocherer-Nagaoka expected that for each F2 G M2{T'^\p))z(^p^, there 
exists a Gp+i G Mp^i(T2)z, such that F2 = Gp+i (mod p) and studied it. 
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